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Quantum computer has a great attention all over the world, several attempts to construct
them by supposing a theoretical or experimental model for qubit which is the basic unit of
quantum computers. Qubit is formed from two-level physical systems, So, a semiconductor
quantum dot is suitable for a qubit where a qubit state is formed from superposition between
two spin states, silicon (Si) quantum dot is one of the suitable systems for qubit and quantum
logic gate because of its long coherence time. In this work, we study the theoretical model
of quantum dots from silicon (Si) which couple through superposition and entanglement
mechanisms to form a quantum logic gate. we have investigated the magnetic field effect on
exchange interaction by using two approximate methods Hund — Mullikan (HM) and Hitler
— London (LH) for calculation and evaluation of the exchange interaction coupling, also
studied the influence of inter — dots distance on the exchange coupling. From an investigation

of exchange interaction, silicon quantum dots is the best suitable for quantum logic gate.

1. Introduction

Recently, nanotechnology has the principal role in all life
fields and gives significant progress in all science
directions, one of these areas is quantum computer. For
establishing it, we need a unit for storge information and
quantum logic gate. Quantum computers [1,2] depend on
quantum mechanics such as superposition and
entanglement which are two important mechanisms for
quantum logic gates. There are quantum computer
criteria as in [3,4]. There are many physical systems But
the more suitable one for qubits is a quantum dot [5,6].
quantum dot is an example of a two-level system that
achieve the idea of a qubit where the electron has two
spin state (spin up or spin down), and the qubit state is a
superposition between two levels. Quantum dot from Si
is the best candidate for qubit because of the long
coherence time and small size [7-9]. Quantum logic gates
form from two qubits coupled by superposition and
entanglement mechanism for example To calculate
Quantum logic gates as we first the unitary time
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evolution between spins in dots is important to calculate
any quantum logic gate

Uy, (t) = e 10/
Where  is given by J;,(t)S;.S,(where Ji2 is the
difference of energy between singlet and triplet state),
and S; is the spin operator acting on electron i.
In our study, we investigate a model of Si double
quantum dot as a quantum logic gate. We calculate the
exchange interaction by two approximate methods Hund
— Mullikan (HM) and Hitler — London (LH) [11-13].
Investigating the effect of physical parameters such as
magnetic field and inter —dot distance on interaction
coupling.

2. Theoretical model

Our model is two quantum dots from Si, in each center
of the dot there is one electron of spin [may be in up state
or in down state] and the distance between each dot and
origin is d. The effective mass of an electron is
0.191m,. The electron may be tunneled from a dot to
another. To write the Hamiltonian of the system, first, to
simplify the calculation suppose the two dots are the
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same. In the z direction we applied a magnetic field and (B x 7]
an electric field was applied in the x-axis, so Hamilton is A= - Ay = B(-y,x,0) (10)

H=YioP, +exE+Hy+ Feoy +Hso +Hs (1)

2
P = ﬁ(pi - A(n)) +V(r) @)
Where P; is the single particle energy,
is The vector potential where is given by:
s B :
A== 4 =Z(-yx0) ()
FH, is zeeman term is given by:

Hy = geff/lBZBSé 4)

The zeman effect for silicon is small value, so we can
neglect it from our calculation.
Hso is the spin orbit coupling is:
2

o

Hyo=5—25S.L 5)

(L is the election angular momentum inside the quantum
dot in units of A ). The spin-orbit interaction has
significant value for a system with few no. of electrons.
Quantum computer is preferred qubit with weak spin-
orbital coupling as semiconductor quantum dots [1] so,
we can neglect it for Si quantum dots. The couloum
energy between the electrons is:

eZ

coul =

try (6)

Where ¢ is the constant of Si dialectic (€ =7.9), ri2is two
electrons distance, from experimental researches the
quantum dot potential is a harmonic oscillator [4,7]

The potential between two dots should be quadratic
potential

e =2 ((E-0+) o

2ap2\\2a 2

Which separate double dots (for x around + d) into
two harmonic wells of frequency w,, one for each dot, in
the limit of large inter-dot distance, i.e. for 2d > 2dg,
where a is half the distance between the centers of the
dots, and the Boher radius of a single quantum dot as
harmonic potential is dg = /A/mw, is a scale for wave
function extension of an electron inside dots.

From the experimental the potential of a quantum dot is
a harmonic oscillator, so, the wave function ¢ (x, y) of an
electron in the ground state inside the quantum dot given
by

2+ 2
M el r) (®)
h

Where o = /w,2 + w2, where w, is the Larmor
frequency (w; = %B*), o)
The wave function of the ground state electron inside the
dot is given by:

¢+a(x,y) = exp(tiyd/210) p(x Fdy)  (9)
Where exp(+iyd/212) magnetic field phase factor

[11], lg = |-

wim
choose the gauge described by the vector.

dx,y) =

is the length of magnetic field, we

*

After this consideration, the two electrons Hamiltonian
is.

1 e 2
Horp = o\ P —EA(H)

1 e z
— - 11
+ 5 (pz CA(r2)> (1

2

e
+V(x,y)+
We can write the Hamiltonian of two quantum dots as:

2 <Pi - eA(Cr"))Z

Horb = Z m

i=1 (12)

mw? _
+ 2 ((Xi + d)Z
+y )+ W4V,

2
Where  W(x,y) = V(x,y) ==~ ((x; + d)* + (x; —
2

d)HandV, = =

€112
Under a magnetic field, the two electron spin have two
spin states one of them is a singlet state (S = 0) |S) =
1
5 [TL —=LT)
and the other is triplet state (S = 1) |T,) = \/%IN +171),
ITy) =111, IT-) = L)
where the ground state is a singlet and the first excited
state is triplet under the condition hw, > KT.
Exchange interaction is given by the difference between
triplet and singlet state. So J = E; — Es to calculate it
we use this expectation equation:

= (l/)Tlf]{orbllpT) - (lpSl}[orble) (13)

A quantum dot is like an atom (artificial atom) so we can
consider the two quantum dots as artificial molecules.
Then, we can use the same approximation methods as
Hund — Mulliken and Heitler — London models, under
the condition at zero magnetic fields the ground state
should be singlet (at B=01is | > 0)..

Heitler — London model

Heitler — London model is the approximation method to
evaluate the exchange interaction between two electrons
in a molecule or two quantum dots. It considers the single
electron wave function as a basis and the system is two
levels one is a singlet and the other is a triplet state which
is a linear combination of basis. The accuracy of this
method is related to the distance between two dots as
larger as a more accurate exchange value.

The two-level system (singlet and triplet wave function )
is:

g, (DPr(2) £ ¢ (2)Pr(1))
V2(1+ pER) (14)

ITLEL
V2

|1/’S/T) =
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The first term is the orbital contribution, the spin wave
function term can be neglected.
The orbit wave function overlap is:

p= f¢id(7')¢—d(7') d?*r = (¢.lpr)
—mwd?
h (15)
d?h
B 4lea))
From equation (7), (8), and (9) the exchange energy due

to HL obtained by

]HL = (lpTl}[orbllpT> - (djsl}[orbllps) (16)
This can be written as:

p?
JuL = W(]W +]Vc)
= T2 (6 (D@l (Dpa ()
1
- ?<¢L(1)¢R(2)|W|¢L(2)¢R(1)>
+ (P (DPr(2)Iclp, (1) PR (2))

1
3 BBl @ (1)

= exp

(17)

after calculation, the exchange interaction by the HL
approximation method is given by:

hawg [
sinh [242 (2b — 7 )] 1167*@

JuL =

Wy
+ 3hw0>
SVbETf[22bd]( ,, »
+ 8m? <e

_ez<b—%>a2)]

Where Erf is the error function given by Erf(z) =
2 (7 p-t? __t e -

\/Efo e”tdt, and s = 7 (kao)/hw,, is Coulomb
energy to confining energy, the b is the magnetic factor

2
given by b =2 = /1 +2 anda =< s the ratio
w wy ao

between interdot distance and interatomic distance. As
shown in Fig.(1), the exchange coupling J (B) against
magnetic field. It is clear that at zero magnetic fields the
exchange coupling is positive because the two electrons
in a singlet state, as the magnetic field increases as J
decreases until reaches zero at B = 6.25 T(for Aw, =
8mev), then as the magnetic field increases as J
decreases, means that the state changes from singlet to
triplet state.

Hund-Mulliken method

Hund-Mullikan is an approximate method which differs
from Heitler — London model in state number, it includes
the doubly occupied states, where there are two doubly

occupied states beside the Heitler - London singlets
S(1,1) and triplet T(1,1). Of course, these states are
linear combinations from the same basis single electron
wave function as in HL the doubly occupied state should
be a singlet state according to the Pauli principle. So the
two Hilbert spaces in HL become four Hilbert spaces in
HM, and the four-wave functions are:

1,01? =@ (r)P.(12) 17
w% = Op(1r)Pr(12) (18)
_ Py(r)Pr(12) + Pp(1,)Pr(11)
Ys = 7 (19)
_ @ (1) Pr(12) — @ (12)PR(11)
! V2

The Hamiltonian operator according to HM
wavefunctions is:

}[orb
/llX V2t 0
X U_ V2t 0 (20)
=ep+e, +
rRTEL \Wﬂ V2t Vs 0
0 0o o0 Vv
Then, we obtained the energy for states by:
ET =ER+EL+VT (21)
ESOZER+6L+U_X (22)
Es_
TIPS
=€gtet-+—+=
2 2 2 (23)
U—Vs+ X)?
_ J% v o0

As in Figure [2], the distance between two dots increase
as J decrease and that is physically true because wave
function overlap decrease as the distance increase.

re 2y B, X
= €p € - - -
222 (24)
U—Vs +X)?
4_wl£_____ii____2_-+-4t2

Where

€rr = (Pr/Llkl 1P/, ) are the single electron energy
in each dot, U = (i klClpf,z) is the coulomb
reputation energy, X = (¥ zIClpg,,) is Coulomb

exchange energy, Vs = (WslClg), Vi = (P IClpy) are
the Coulomb energies for the singlet and triplet state for

one electron inside each quantum dot. and ¢t =

1 - .
(%L/ngd@R/L)+5(¢5|C|¢S/R> as in [11], is a
tunneling energy matrix element.
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Figure (1). _HL model, variation of exchange interaction with magnetic field at value 8 meV of confinement
energy and 30.24nm for distance between dots.
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Figure (2) the exchange coupling J with the distance between two dots (magnetic field is zero).
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Fig.(3) The exchange coupling J against the magnetic field (the distance between two dots is fixed)
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The orthonormal of basis (single electron
wavefunction) is given by:

PL/r 25)
= (¢pL/r — g¢R/L)/(\/ 1-2pg+ 82)
where g = 421mPD V;_pz) and p is the overlap

wavefunction between two electrons.
we can obtain the exchange coupling J from
diagonalizing of Hamiltonian
Where J is the difference between triplet state and
singlet state
So,

Jum = Er—=Vr = Vs

1
—5W=Vs+X)

Z (26)
+ 53U = Vs + X)?

+ 16t2

As shown in Fig. (3), the HM gives qualitative agreement Witi?'

HL behavior.

Conclusion
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