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1. Introduction 

In 1920, Hardy [1] established his well-known discrete inequality 

∑ 

∞

𝑟=1

 (
1

𝑟
∑  

𝑟

𝑛=1

 𝑣𝑛)

𝑙

⩽ (
𝑙

𝑙 − 1
)
𝑙

∑ 

∞

𝑟=1

 𝑣𝑟
𝑙 ,  𝑙 > 1 (1.1) 

where {𝑣𝑟}𝑟=1
∞  is a nonnegative sequence such that ∑ 𝑣𝑟

𝑙 < ∞∞
𝑟=1  . In [2], Hardy proved the integral analogue of 

(1.1) which demonstrated that for 𝑙 > 1 and 𝑔(𝜉) is a nonnegative function over any finite interval (0, 𝜉) and 

∫ 𝑔𝑙(𝜉)𝑑𝜉 < ∞,
∞

0
 then 

∫  
∞

0

 (
1

𝜉
∫  
𝜉

0

 𝑔(𝜏)𝑑𝜏)

𝑙

𝑑𝜉 ⩽ (
𝑙

𝑙 − 1
)
𝑙

∫  
∞

0

 𝑔𝑙(𝜉)𝑑𝜉. (1.2) 

Lots of generalizations and extensions of Hardy inequality with a positive parameter have been presented in the 

literature. For further details, the interested reader is referred to the papers [1, 3-8] and the books [9-12]. In the 

following, we briefly point out some of these extensions that support the results in this paper. 

In 1925, Hardy [2] gave a generalization to (1.1) and showed that if 𝑙 > 1, {𝑔𝑟}𝑟=1
∞ , {𝑣𝑟}𝑟=1

∞  are positive 

sequences, and 𝑉𝑟 = ∑ 𝑣𝑛
𝑟
𝑛−1  , then 
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∑ 

∞

𝑟=1

 
𝑣𝑟
𝑉𝑟
𝑙
(∑  

𝑟

𝑛=1

 𝑣𝑛𝑔(𝑛))

𝑙
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𝑙

𝑙 − 1
)
𝑙
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∞

𝑟=1

 𝑣𝑟𝑔𝑟
𝑙 (1.3) 

The constants in (1.1), (1.2), and (1.3) are the best possible. 

In 1928, Copson [5] introduced an extended version of (1.3) and proved the discrete inequality 

∑ 

∞

𝑟=1

 
𝑣𝑟
𝑉𝑟
𝑐 (∑  

𝑟

𝑛=1

 𝑣𝑛𝑔𝑛)

𝑙

⩽ (
𝑙

𝑐 − 1
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𝑙
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∞

𝑟=1

  𝑣𝑟𝑉𝑟
𝑙−𝑐𝑔𝑟

𝑙 , (1.4) 

where 𝑙 ≥ 𝑐 > 1, {𝑔𝑟}𝑟=1
∞  and {𝑣𝑟}𝑟=1

∞  are positive sequences and 𝑉𝑟 = ∑
𝑛=1

𝑟
 𝑣𝑛 . 

He also proved the discrete inequality. 

∑ 

∞

𝑟=1

 
𝑣𝑟
𝑉𝑟
𝑐
(∑  

∞

𝑛=𝑟

 𝑣𝑛𝑔𝑛)

𝑙
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𝑙

1 − 𝑐
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𝑙
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∞

𝑟=1

 𝑣𝑟𝑉𝑟
𝑙−𝑐𝑔𝑟

𝑙 (1.5) 

where 0 ⩽ 𝑐 < 1 and 𝑙 > 1. 

In [8], Leindler derived the discrete inequality 

∑ 
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∗)𝑐

(∑  

𝑟

𝑛=1
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𝑙
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𝑙

1 − 𝑐
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𝑙

∑ 

∞

𝑟=1

 𝑣𝑟(𝑉𝑟
∗)𝑙−𝑐𝑔𝑟

𝑙 (1.6) 

where 0 ⩽ 𝑐 < 1, 𝑙 > 1, 𝑉𝑟
∗ = ∑

𝑛=𝑟

∞
 𝑣𝑛 and ∑ 𝑛=𝑟

∞
 𝑣𝑛 < ∞. In [3], Bennett proved a dual of (1.6) by 

assuming that if ∑ 𝑛=𝑟

∞
 𝑣𝑛 < ∞ and 1 < 𝑐 ⩽ 𝑙, then 

∑ 
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𝑟=1

 
𝑣𝑟

(𝑉𝑟
∗)𝑐

(∑  

∞

𝑛=𝑟
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𝑙
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𝑙 (1.7) 

The constants in (1.4), (1.5), (1.6), and (1.7) are best possible. 

In 1928, Hardy [13] extended (1.2) by proving that if 𝑙, 𝛾 > 1 and 𝑔(𝜉) is a nonnegative integrable function on 

(0, 𝜉) such that ∫ 𝑔𝑙(𝜉)𝑑𝜉 < ∞,
∞

0
  then 

∫  
∞

0
 
1

𝜉𝛾
(∫  

𝜉

0
 𝑔(𝜏)𝑑𝜏)

𝑙

𝑑𝜉 ⩽ (
𝑙

𝛾−1
)
𝑙

∫  
∞

0
 
1

𝜉𝛾−𝑙
𝑔𝑙(𝜉)𝑑𝜉 (1.8)

and for 0 < 𝛾 ⩽ 1, he proved that 

∫  
∞

0

 
1

𝜉𝛾
(∫  

∞

𝜉

 𝑔(𝜏)𝑑𝜏)

𝑙

𝑑𝜉 ⩽ (
𝑙

1 − 𝛾
)
𝑙

∫  
∞

0

 
1

𝜉𝛾−𝑙
𝑔𝑙(𝜉)𝑑𝜉 (1.9) 

Recently, a lot of generalizations and extensions of Hardy inequality with negative parameters have appeared. In 

the following, we recall some of these integral inequalities with power 𝑙 < 0. 

In [14], it was demonstrated by the authors that if 𝑙 < 0, 𝑐 > 1, 𝑔(𝜉) > 0 and ∫ 𝜉−𝑐(𝜉𝑔(𝜉))𝑙𝑑𝜉 < ∞,
∞

0
  then 

∫  
∞

0
  𝜉−𝑐 (∫  

∞

𝜉
 𝑔(𝜏)𝑑𝜏)

𝑙

𝑑𝜉 ≤ (
𝑙

1−𝑐
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𝑙

∫  
∞

0
  𝜉−𝑐(𝜉𝑔(𝜉))𝑙𝑑𝜉 (1.10)

holds. 

In the same paper, it was demonstrated that if 𝑙 < 0, 𝑐 < 1, 𝑔(𝜉) > 0 and ∫ 𝜉−𝑐(𝜉𝑔(𝜉))𝑙𝑑𝜉 <
∞

0

∞, 𝜉−𝑐(𝜉𝑔(𝜉))𝑙𝑑𝜉 < ∞, then the inequality 

∫  
∞

0
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0
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)
𝑙

∫  
∞

0

 𝜉−𝑐(𝜉𝑔(𝜉))𝑙𝑑𝜉 (1.11) 

holds. The constants in (1.10) and (1.11) are best possible. 

In [15], it was demonstrated that if 𝑙 < 0, 𝑐 < 1 and 𝑣(𝜉), 𝑔(𝜉) are positive functions, then 

∫  
𝑏

0

 𝑣(𝜉)𝑉−𝑐(𝜉)𝐺𝑙(𝜉)𝑑𝜉 ≤ (
𝑙

𝑐 − 1
)
𝑙

∫  
𝑏

0

 𝑣(𝜉)𝑉𝑙−𝑐(𝜉)𝑔𝑙(𝜉)𝑑𝜉 (1.12) 

holds, where 
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𝑉(𝜉) = ∫  
𝜉

0

𝑣(𝜏)𝑑𝜏,  𝐺(𝜉) = ∫  
𝜉

0

𝑣(𝜏)𝑔(𝜏)𝑑𝜏 

In the same paper, they also proved the inequality 

∫  
𝑏

0

𝑣(𝜉)𝑉−𝑐(𝜉)𝐺‾ 𝑙(𝜉)𝑑𝜉 ≤ (
𝑙

1 − 𝑐
)
𝑙

∫  
𝑏

0

𝑣(𝜉)𝑔𝑙(𝜉)𝑉𝑙−𝑐(𝜉)𝑑𝜉 

where, 𝑐 > 1 and 𝐺‾(𝜉) = ∫ 𝑔(𝜏)𝑣(𝜏)𝑑𝜏
∞

𝜉
. 

In [15], the authors showed that if 𝑙 < 0 and 𝛼 ≠ 𝑙 − 1, then 

∫  
𝑏

0

 𝑣(𝜉)𝑉𝛼−𝑙(𝜉)𝐺𝑙(𝜉)𝑑𝜉 ≤ (
𝑙

|𝑙 − 1 − 𝛼|
)
𝑙

∫  
𝑏

0

 𝑣(𝜉)𝑉𝛼(𝜉)𝑔𝑙(𝜉)𝑑𝜉 (1.13) 

holds, where 

𝑉(𝜉) = ∫  
𝜉

0

𝑣(𝜏)𝑑𝜏,  𝐺(𝜉) =

{
 
 

 
 ∫  

𝜉

0

 𝑔(𝜏)𝑣(𝜏)𝑑𝜏  for 𝛼 > 𝑙 − 1

∫  
∞

𝜉

 𝑔(𝜏)𝑣(𝜏)𝑑𝜏  for 𝛼 < 𝑙 − 1

 

In [16], the authors demonstrated that, if 0 ≤ 𝑠1 < 𝑠2 ≤ ∞, 𝑝 < 𝑙 < 0,0 < 𝑐 < 1 and 𝑣(𝜉), 𝑔(𝜉) are non-negative 

Lebesgue measurable functions, then 

∫  
𝑠2

𝑠1

 
𝑣(𝜉)

𝑉𝑐(𝜉)
𝒵𝑣,1
𝑙 (𝜉)𝑑𝜉 ≤ (

𝑙

𝑙 + 𝑐 − 1
)
𝑙

(∫  
𝑠2

𝑠1

 𝑣(𝜉)𝑑𝜉)

1−
𝑙
𝑝
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𝑠2

𝑠1

 
𝑣(𝜉)

𝑉
𝑐𝑝
𝑙 (𝜉)

𝑔𝑝(𝜉)𝑑𝜉)

𝑙
𝑝

(1.14) 

where, 

𝑉(𝜉) = ∫  
𝜉

0

𝑣(𝜏)𝑑𝜏  and  𝒵𝑣,1(𝜉) =
1

𝑉(𝜉)
∫  
𝜉

𝑠1

𝑣(𝜏)𝑔(𝜏)𝑑𝜏 

In the same paper, the authors also demonstrated that if 𝑐 ≥ 𝑙 and 𝑝 < 𝑙 < 0, then 

∫  
𝑠2

𝑠1

 
𝑣(𝜉)(𝑍𝑣,2)

𝑙
(𝜉)

𝑉𝑙−𝑐(𝜉)
𝑑𝜉 ≤ (

𝑙

𝑙 − 𝑐 − 1
)
𝑙

(∫  
𝑠2

𝑠1

 𝑣(𝜉)𝑑𝜉)

1−
𝑙
𝑝

(∫  
𝑠2

𝑠1

 
𝑣(𝜉)𝑔𝑝(𝜉)

𝑉𝑝−
𝛾𝑝
𝑙 (𝜉)

𝑑𝜉)

𝑙
𝑝

(1.15) 

where, 

𝒵𝑣,2(𝜉) = ∫  
𝜉

𝑠1

𝑣(𝜏)𝑔(𝜏)

𝑉(𝜏)
𝑑𝜏 

Recently, there is a significant attention on studying dynamic inequalities and their applications on time scales. 

These inequalities can be extended to the more general framework of time scales, which unifies discrete and 

continuous analysis into a single theory. For a more comprehensive understanding of these inequalities, see the 

books [17,18] and the papers [19 − 28]. 

For completeness, we present some dynamic inequalities that motivate the material discussed in this paper. 

The dynamic version of (1.2) was proved in [29]. The author demonstrated that if 𝑙 > 1, 𝑔 ∈ 𝐶𝑟𝑑([𝑎,∞), ℝ
+)and 

∫ 𝑔𝑙(𝜉)Δ𝜉 < ∞
∞

0
 , then 

∫  
∞

𝑎

 (
1

𝜎(𝜉) − 𝑎
∫  
𝜎(𝜉)

𝑎

 𝑔(𝜏)Δ𝜏)

𝑙

Δ𝜉

⩽ (
𝑙

𝑙 − 1
)
𝑙

∫  
∞

𝑎

 𝑔𝑙(𝜉)Δ𝜉 (1.16)

 

If in addition 
𝜇(𝜉)

𝜉
→ 0 as 𝜉 → ∞, then (

𝑙

𝑙−1
)
𝑙

 is sharp. In [25], the authors derived the time scale version of (1.8) 

as 

∫  
∞

𝑎

1

𝜉𝛾
(∫  

𝜎(𝜉)

𝑎

 𝑔(𝜏)Δ𝜏)

𝑙

Δ𝜉 ⩽ (
𝑙𝑀𝛾

𝛾 − 1
)

𝑙

∫  
∞

𝑎

1

𝜉𝛾−𝑙
𝑔𝑙(𝜉)Δ𝜉 
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where 𝑙, 𝛾 > 1 and 𝑀 > 0 such that 
𝜉

𝜎(𝜉)
⩾

1

𝑀
. They also showed that if 𝛾 < 1, then 

∫  
∞

𝑎

1

𝜎𝛾(𝜉)
(∫  

∞

𝜉

 𝑔(𝜏)Δ𝜏)

𝑙

Δ𝜉 ⩽ (
𝑙

1 − 𝛾
)
𝑙

∫  
∞

𝑎

1

𝜎𝛾−𝑙(𝜉)
𝑔𝑙(𝜉)Δ𝜉 

In [24], the authors extended (1.4) and (1.5) to their time scale versions. In particular, they showed that if 𝑙, 𝛾 >

1, then 

∫  
∞

𝑎

𝑣(𝜉)

(𝑉𝜎(𝜉))
𝛾 (𝐺

𝜎(𝜉))
𝑙
Δ𝜉 ⩽ (

𝑙

𝛾 − 1
)
𝑙

∫  
∞

𝑎

(𝑉𝜎(𝜉))
𝛾(𝑙−1)

(𝑉(𝜉))(𝛾−1)𝑙
𝑣(𝜉)𝑔𝑙(𝜉)Δ𝜉 

where 

𝑉(𝜉) = ∫  
𝜉

𝑎

𝑣(𝜏)Δ𝜏 and 𝐺(𝜉) = ∫  
𝜉

𝑎

𝑣(𝜏)𝑔(𝜏)Δ𝜏,   for any 𝜉 ∈ [𝑎,∞)𝕋 

and if 0 ⩽ 𝛾 < 1, then 

∫  
∞

𝑎

 
𝑣(𝜉)

(𝑉𝜎(𝜉))
𝛾 (𝐺‾(𝜉))

𝑙Δ𝜉 ⩽ (
𝑙

1 − 𝛾
)
𝑙

∫  
∞

𝑎

 𝑣(𝜉)𝑔𝑙(𝜉)(𝑉𝜎(𝜉))
𝑙−𝛾
Δ𝜉 (1.17) 

where 

𝐺‾(𝜉) = ∫  
∞

𝜉

𝑣(𝜏)𝑔(𝜏)Δ𝜏, for any 𝜉 ∈ [𝑎,∞)𝕋 

In [30], the authors extended (1.6) and (1.7) to their time scale versions. In particular, they showed that if 𝑝 > 1 

and 0 ⩽ 𝛾 < 1, then 

∫  
∞

𝑎

 
𝑣(𝜉)

Λ𝛾(𝜉)
(𝐺𝜎(𝜉))

𝑝
Δ𝜉 ⩽ (

𝑝

1 − 𝛾
)
𝑝

∫  
∞

𝑎

 
𝑣(𝜉)

Λ𝛾−𝑝(𝜉)
𝑔𝑝(𝜉)Δ𝜉 (1.18) 

where 

Λ(𝜉) = ∫  
∞

𝜉

𝑣(𝜏)Δ𝜏 

and if 𝑝 ⩾ 𝛾 > 1, then 

∫  
∞

𝑎

 
𝑣(𝜉)

Λ𝛾(𝜉)
(𝐺‾(𝜉))𝑝Δ𝜉 ⩽ (

𝑝

𝛾 − 1
)
𝑝

∫  
∞

𝑎

 
𝑣(𝜉)

Λ𝛾−𝑝(𝜉)
𝑔𝑝(𝜉)Δ𝜉 (1.19) 

It is important to consider that all the previously mentioned dynamic inequalities discussed the case of positive 

exponents. The question is whether it is possible to establish similar dynamic inequalities of negative exponents. 

In this paper, we will provide an affirmative answer to the previous question by proving some new dynamic 

inequalities with negative power and getting the integral and discrete analogies of these inequalities. The 

structure of the paper is as follows: In the next section, we review some definitions related to time-scale calculus. 

In Section 3, we state and prove our results. 

2. Preliminaries 

The time-scale calculus was initiated to create a theory that unifies difference and differential equations theories. 

Understanding its basics and applications can be found in Bohner and Peterson's books [31- 35]. A time scale 𝕋 

is an arbitrary nonempty closed subset of ℝ. For 𝜏 ∈ 𝕋, the definition of the forward and backward jump 

operators 𝜎, 𝜌: 𝕋 → 𝕋 is 𝜎(𝜏): = inf{𝑧 ∈ 𝕋: 𝑧 > 𝜏} and 𝜌(𝜏): = sup{𝑧 ∈ 𝕋: 𝑧 < 𝜏}. A function 𝑔: 𝕋 → ℝ is called 

right dense-continuous (rd-continuous) if it is continuous at all right-dense points in 𝕋 and there exists a finite left 

limit at all left-dense points in 𝕋. We use 𝐶𝑟𝑑(𝕋), to represent the set of all 𝑟𝑑-continuous functions. We have 

𝑔𝜎(𝜏): = 𝑔(𝜎(𝜏)) and define [𝑠1, 𝑠2]𝕋 by [𝑠1, 𝑠2]𝕋 = {𝜏 ∈ 𝕋: 𝑠1 ⩽ 𝜏 ⩽ 𝑠2}. For a function 𝑔: 𝕋 → ℝ, 𝑔Δ(𝜏) is 

defined as the number that satisfies the following condition: 

for 𝜏 ∈ 𝕋 and 𝜖 > 0, there exists a neighborhood 𝑈 of 𝜏 such that 

|[𝑔𝜎(𝜏) − 𝑔(𝑠)] − 𝑔Δ(𝜏)[𝜎(𝜏) − 𝑠]| ⩽ 𝜖|𝜎(𝜏) − 𝑠|,   for 𝑠 ∈ 𝑈 
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In this case, 𝑔Δ(𝜏) is said to be the delta derivative of 𝑔 at 𝜏. 

If ΨΔ(𝜏) = 𝜓(𝜏), then Ψ:𝕋 → ℝ is referred to as the delta antiderivative of 𝜓. The integral of 𝜓 is given by 

∫  
𝜏

𝜏0

𝜓(𝜉)Δ𝜉 = Ψ(𝜏) − Ψ(𝜏0), for  𝜏0, 𝜏 ∈ 𝕋 

One of the most widely used rules in time scale calculus is the chain rule, which states: 

(𝜙 ∘ 𝜓)Δ(𝜉) = ∫  
1

0

 𝜙′[𝜓(𝜉) + ℎ𝜇(𝜉)𝜓Δ(𝜉)]𝑑ℎ𝜓Δ(𝜉) (2.1) 

where, 𝜓:𝕋 → ℝ is delta differentiable and 𝜙:ℝ → ℝ is continuously differentiable (see [31, Theorem 1.90]). A 

special case of (2.1) is 

(𝜙𝛾(𝜉))
Δ
= 𝛾𝜙Δ(𝜉)∫  

1

0

  (ℎ𝜙𝜎 + (1 − ℎ)𝜙)𝛾−1𝑑ℎ,  𝛾 ∈ ℝ (2.2) 

Lemma 2.1 (Integration by Parts [17]). If 𝑠1, 𝑠2 ∈ 𝕋 and 𝑤(𝜉), 𝑢(𝜉) ∈ 𝐶𝑟𝑑([𝑠1, 𝑠2]𝕋, ℝ+), then 

∫  
𝑠2

𝑠1

 𝑤𝜎(𝜉)𝑢Δ(𝜉)Δ𝜉 = [𝑤(𝜉)𝑢(𝜉)]𝑠1
𝑠2 −∫  

𝑠2

𝑠1

 𝑤Δ(𝜉)𝑢(𝜉)Δ𝜉 (2.3) 

and 

∫  
𝑠2

𝑠1

 𝑤(𝜉)𝑢Δ(𝜉)Δ𝜉 = [𝑤(𝜉)𝑢(𝜉)]𝑠1
𝑠2 −∫  

𝑠2

𝑠1

 𝑤Δ(𝜉)𝑢𝜎(𝜉)Δ𝜉 (2.4) 

Lemma 2.2 (Weighted Hölder's Inequality [17]). If 𝑠1, 𝑠2 ∈ 𝕋 and 𝑣(𝜉), 𝑢(𝜉), 𝑤(𝜉) ∈ 𝐶𝑟𝑑([𝑠1, 𝑠2]𝕋, ℝ
+), then 

∫  
𝑠2

𝑠1

 𝑣(𝜉)𝑢(𝜉)𝑤(𝜉)Δ𝜉 ≤ [∫  
𝑠2

𝑠1

 𝑣(𝜉)𝑢𝛼(𝜉)Δ𝜉]

1
𝛼

[∫  
𝑠2

𝑠1

 𝑣(𝜉)𝑤𝛼′(𝜉)Δ𝜉]

1
𝛼′

(2.5) 

where 𝛼 > 1, and 
1

𝛼′
+

1

𝛼
= 1. 

Lemma 2.3 (Reversed Weighted Hölder's Inequality [17]). If 𝑠1, 𝑠2 ∈ 𝕋 and 𝑣(𝜉), 𝑢(𝜉), 𝑤(𝜉) ∈

𝐶𝑟𝑑([𝑠1, 𝑠2]𝕋, ℝ
+), the 

∫  
𝑠2

𝑠1

 𝑣(𝜉)𝑢(𝜉)𝑤(𝜉)Δ𝜉 ≥ [∫  
𝑠2

𝑠1

 𝑣(𝜉)𝑢𝛼(𝜉)Δ𝜉]

1
𝛼

[∫  
𝑠2

𝑠1

 𝑣(𝜉)𝑤𝛼′(𝜉)Δ𝜉]

1
𝛼′

(2.6) 

where 𝛼 < 0 or 0 < 𝛼 < 1, and 
1

𝛼′
+

1

𝛼
= 1. 

3. Main Results 

Throughout the rest of the paper, we will assume that the functions are positive and that all integrals involved are 

presumed to exist. We also assume that 𝑣(𝜉) and 𝑧(𝜉) ∈ 𝐶𝑟𝑑[[0,∞)𝕋, ℝ
+]. We can now present and prove our 

results. 

Theorem 3.1. If 𝑎, 𝑏 ∈ 𝕋, 0 < 𝑎 < 𝑏 and 𝑙 < 0, then 

∫  
𝑏

𝑎

 𝑣(𝜉)(Ω𝜎(𝜉))
𝑙
Δ𝜉 ≤ (−𝑙)𝑙∫  

𝑏

𝑎

 𝑣1−𝑙(𝜉)𝑧𝑙(𝜉)𝒱𝑙(𝜉)Δ𝜉 (3.1) 

where, 

𝒱(𝜉) = ∫  
𝜉

𝑎

𝑣(𝜏)Δ𝜏  and  Ω(𝜉) = ∫  
𝜉

0

𝑧(𝜏)Δ𝜏 

Proof. By employing (2.3) to the left-hand side of (3.1) with 𝑢Δ(𝜉) = 𝑣(𝜉) and 𝑤𝜎(𝜉) = (Ω𝜎(𝜉))
𝑙
, we obtain 

∫  
𝑏

𝑎

 𝑣(𝜉)(Ω𝜎(𝜉))
𝑙
Δ𝜉 = 𝑢(𝜉)Ω𝑙(𝜉)|𝑎

𝑏 +∫  
𝑏

𝑎

 𝑢(𝜉) (−(Ω𝑙(𝜉))
Δ
) Δ𝜉 (3.2) 

where 

𝑢(𝜉) = ∫  
𝜉

𝑎

𝑣(𝜏)Δ𝜏 = 𝒱(𝜉) 

Since 𝑢(𝑎) = 0, we conclude that 
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∫  
𝑏

𝑎

 𝑣(𝜉)(Ω𝜎(𝜉))
𝑙
Δ𝜉 = 𝑢(𝑏)Ω𝑙(𝑏) − ∫  

𝑏

𝑎

 𝒱(𝜉)(Ω𝑙(𝜉))
Δ
Δ𝜉 

By employing (2.2) to the term (Ω𝑙(𝜉))
Δ

 and taking into account that ΩΔ(𝜉) = 𝑧(𝜉) > 0, we obtain 

(Ω𝑙(𝜉))
Δ
 = 𝑙𝑧(𝜉) ∫  

1

0

  (ℎΩ𝜎(𝜉) + (1 − ℎ)Ω(𝜉))
𝑙−1
𝑑ℎ

 ≤ 𝑙𝑧(𝜉)(Ω𝜎(𝜉))
𝑙−1

 

Thus 

−(Ω𝑙(𝜉))
Δ
≥ −𝑙𝑧(𝜉)(Ω𝜎(𝜉))

𝑙−1
(3.4) 

Substituting (3.4) into (3.3), we get 

∫  
𝑏

𝑎

 𝑣(𝜉)(Ω𝜎(𝜉))
𝑙
Δ𝜉 ≥ −𝑙 ∫  

𝑏

𝑎

 𝑧(𝜉)𝒱(𝜉)(Ω𝜎(𝜉))
𝑙−1
Δ𝜉 

By employing (2.6) on ∫  
𝑏

𝑎
 𝑣
𝑙−1

𝑙 (𝜉)𝑣
1−𝑙

𝑙 (𝜉)𝑧(𝜉)𝒱(𝜉)(Ω𝜎(𝜉))
𝑙−1
Δ𝜉, with indices 

𝑙

𝑙−1
 and 𝑙, we get 

 ∫  
𝑏

𝑎

 𝑣
𝑙−1
𝑙 (𝜉)𝑣

1−𝑙
𝑙 (𝜉)𝑧(𝜉)𝒱(𝜉)(Ω𝜎(𝜉))

𝑙−1
Δ𝜉 

Proof. Substituting from (3.6) into (3.5), we get 

∫  
𝑏

𝑎

𝑣(𝜉)(Ω𝜎(𝜉))
𝑙
Δ𝜉 ≥ −𝑙 (∫  

𝑏

𝑎

 𝑣(𝜉)(Ω𝜎(𝜉))
𝑙
Δ𝜉)

𝑙−1
𝑙

(∫  
𝑏

𝑎

 𝑣1−𝑙(𝜉)𝑧𝑙(𝜉)𝒱𝑙(𝜉)Δ𝜉)

1
𝑙

 

Thus 

(∫  
𝑏

𝑎

 𝑣(𝜉)(Ω𝜎(𝜉))
𝑙
Δ𝜉)

1
𝑙

≥ −𝑙 (∫  
𝑏

𝑎

 𝑣1−𝑙(𝜉)𝑧𝑙(𝜉)𝒱𝑙(𝜉)Δ𝜉)

1
𝑙

 

Therefore, 

∫  
𝑏

𝑎

𝑣(𝜉)(Ω𝜎(𝜉))
𝑙
Δ𝜉 ≤ (−𝑙)𝑙∫  

𝑏

𝑎

𝑣1−𝑙(𝜉)𝑧𝑙(𝜉)𝒱𝑙(𝜉)Δ𝜉 

which is (3.1). 

Remark 3.1. It is worth mentioning that the inequality (3.1) represents a corresponding formula, with a negative 

exponent, to the dynamic inequality proved by Saker in [36, Theorem 2.3]. 

Remark 3.2. If 𝕋 = ℝ in (3.1), then 

∫  
𝑏

𝑎

𝑣(𝜉)(Ω(𝜉))𝑙𝑑𝜉 ≤ (−𝑙)𝑙∫  
𝑏

𝑎

𝑣1−𝑙(𝜉)𝑧𝑙(𝜉)𝒱𝑙(𝜉)𝑑𝜉 

where, 

𝒱(𝜉) = ∫  
𝜉

𝑎

𝑣(𝜏)𝑑𝜏  and  Ω(𝜉) = ∫  
𝜉

0

𝑧(𝜏)𝑑𝜏 

Remark 3.3. If 𝕋 = ℕ, 𝑏 = ∞, {𝑧𝑟}𝑟=1
∞  is positive sequence and ∑ 𝑣𝑟

1−𝑙𝑧𝑟
𝑙𝒱𝑟

𝑙∞
𝑟=1   is convergent sequence in (3.1), 

then 

∑ 

∞

𝑟=1

𝑣𝑟 (∑  

𝑟

𝑛=0

  𝑧𝑛)

𝑙

≤ (−𝑙)𝑙∑ 

∞

𝑟=1

𝑣𝑟
1−𝑙𝑧𝑟

𝑙𝒱𝑟
𝑙 

where 

𝒱𝑟 =∑  

𝑟−1

𝑛=1

𝑣𝑛  

Theorem 3.2. Assume 𝑎, 𝑏 ∈ 𝕋, 0 < 𝑎 < 𝑏 and −∞ < 𝑝 ≤ 𝑙 < 0. If 0 ≤ 𝑐 < 1, then 

∫  
𝑏

𝑎

 
𝑣(𝜉)

𝒱𝑐(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 ≤ (

𝑙

𝑐 − 1
)
𝑙

∫  
𝑏

𝑎

 
𝑣(𝜉)𝑧𝑙(𝜉)

𝒱𝑐−𝑙(𝜉)
Δ𝜉 (3.7) 

and 
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∫  
𝑏

𝑎

 
𝑣(𝜉)

𝒱𝑐(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 ≤ (

𝑙

𝑐 − 1
)
𝑙

(∫  
𝑏

𝑎

 𝑣(𝜉)Δ𝜉)

1−
𝑙
𝑝

(∫  
𝑏

𝑎

 𝑣(𝜉)𝒱𝑝
(1−

𝑐
𝑙
)(𝜉)𝑧𝑝(𝜉)Δ𝜉)

𝑙
𝑝

(3.8) 

where, 

𝒱(𝜉) = ∫  
𝜉

𝑎

 𝑣(𝜏)Δ𝜏  and  𝒵(𝜉) = ∫  
𝜉

0

 𝑣(𝜏)𝑧(𝜏)Δ𝜏 (3.9) 

Proof. By employing (2.3) to the left-hand side of (3.7) with 𝑢Δ(𝜉) =
𝑣(𝜉)

𝒱𝑐(𝜉)
 and 𝑤𝜎(𝜉) = (𝒵𝜎(𝜉))

𝑙
, we obtain 

∫  
𝑏

𝑎

 
𝑣(𝜉)

𝒱𝑐(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 = 𝑢(𝜉)𝒵𝑙(𝜉)|𝑎

𝑏 +∫  
𝑏

𝑎

 𝑢(𝜉) (−(𝒵 𝑙(𝜉))
Δ
)Δ𝜉 (3.10) 

where 

𝑢(𝜉) = ∫  
𝜉

𝑎

𝑣(𝜏)

𝒱𝑐(𝜏)
Δ𝜏 

Since 𝑢(𝑎) = 0, we conclude that 

∫  
𝑏

𝑎

 
𝑣(𝜉)

𝒱𝑐(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 = 𝑢(𝑏)𝒵𝑙(𝑏) − ∫  

𝑏

𝑎

 𝑢(𝜉)(𝒵𝑙(𝜉))
Δ
Δ𝜉

 ≥ −∫  
𝑏

𝑎

 𝑢(𝜉)(𝒵𝑙(𝜉))
Δ
Δ𝜉

 

By employing (2.2) and taking into account that 𝒱Δ(𝜉) = 𝑣(𝜉) > 0 and 0 ≤ 𝑐 < 1, we obtain 

(𝒱1−𝑐(𝜉))
Δ
 = (1 − 𝑐)𝒱Δ(𝜉)∫  

1

0

  (ℎ𝒱𝜎(𝜉) + (1 − ℎ)𝒱(𝜉))
−𝑐
𝑑ℎ

 ≤ (1 − 𝑐)𝑣(𝜉)∫  
1

0

  (ℎ𝒱(𝜉) + (1 − ℎ)𝒱(𝜉))−𝑐𝑑ℎ

 = (1 − 𝑐)𝑣(𝜉)𝒱−𝑐(𝜉)

 

Thus 

𝑣(𝜉)𝒱−𝑐(𝜉) ≥
1

1 − 𝑐
(𝒱1−𝑐(𝜉))

Δ
 

and then, we have 

𝑢(𝜉) = ∫  
𝜉

𝑎

 
𝑣(𝜏)

𝒱𝑐(𝜏)
Δ𝜏 ≥

1

1 − 𝑐
∫  
𝜉

𝑎

  (𝒱1−𝑐(𝜏))
Δ
Δ𝜏 =

1

1 − 𝑐
𝒱1−𝑐(𝜉) (3.11) 

By employing (2.2) again to the term (𝒵𝑙(𝜉))
Δ

, we have 

(𝒵𝑙(𝜉))
Δ
 = ((∫  

𝜉

0

 𝑣(𝜏)𝑧(𝜏)Δ𝜏)

𝑙

)

Δ

 = 𝑙𝑣(𝜉)𝑧(𝜉)∫  
1

0

 (ℎ (∫  
𝜎(𝜉)

0

 𝑣(𝜏)𝑧(𝜏)Δ𝜏) + (1 − ℎ) (∫  
𝜉

0

 𝑣(𝜏)𝑧(𝜏)Δ𝜏))

𝑙−1

𝑑ℎ

 ≤ 𝑙𝑣(𝜉)𝑧(𝜉) (∫  
𝜎(𝜉)

0

 𝑣(𝜏)𝑧(𝜏)Δ𝜏)

𝑙−1

 

Thus 

−(𝒵𝑙(𝜉))
Δ
≥ −𝑙𝑣(𝜉)𝑧(𝜉)(𝒵𝜎(𝜉))

𝑙−1
(3.12) 

From (3.11) and (3.12), we get 

∫  
𝑏

𝑎

 
𝑣(𝜉)

𝒱𝑐(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 ≥

−𝑙

1 − 𝑐
∫  
𝑏

𝑎

 
𝑣(𝜉)𝑧(𝜉)(𝒵𝜎(𝜉))

𝑙−1

𝒱𝑐−1(𝜉)
Δ𝜉 (3.13) 

By employing (2.6) on ∫
𝑣(𝜉)𝑧(𝜉)(𝒵𝜎(𝜉))

𝑙−1

𝒱𝑐−1(𝜉)
Δ𝜉

𝑏

𝑎
 , with indices 

𝑙

𝑙−1
 and 𝑙, we get 
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∫  
𝑏

𝑎

 
𝑣(𝜉)𝑧(𝜉)(𝒵𝜎(𝜉))

𝑙−1

𝒱𝑐−1(𝜉)
Δ𝜉 ≥ (∫  

𝑏

𝑎

 
𝑣(𝜉)

𝒱𝑐(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉)

𝑙−1
𝑙

(∫  
𝑏

𝑎

 
𝑣(𝜉)𝑧𝑙(𝜉)

𝒱𝑐−𝑙(𝜉)
Δ𝜉)

1
𝑙

(3.14) 

Substituting from (3.14) into (3.13), we get 

∫  
𝑏

𝑎

𝑣(𝜉)

𝒱𝑐(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 ≥

𝑙

𝑐 − 1
(∫  

𝑏

𝑎

 
𝑣(𝜉)

𝒱𝑐(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉)

𝑙−1
𝑙

(∫  
𝑏

𝑎

 
𝑣(𝜉)𝑧𝑙(𝜉)

𝒱𝑐−𝑙(𝜉)
Δ𝜉)

1
𝑙

 

thus 

(∫  
𝑏

𝑎

 
𝑣(𝜉)

𝒱𝑐(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉)

1
𝑙

≥
𝑙

𝑐 − 1
(∫  

𝑏

𝑎

 
𝑣(𝜉)𝑧𝑙(𝜉)

𝒱𝑐−𝑙(𝜉)
Δ𝜉)

1
𝑙

 

Therefore, 

∫  
𝑏

𝑎

𝑣(𝜉)

𝒱𝑐(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 ≤ (

𝑙

𝑐 − 1
)
𝑙

∫  
𝑏

𝑎

𝑣(𝜉)𝑧𝑙(𝜉)

𝒱𝑐−𝑙(𝜉)
Δ𝜉 

which is (3.7). 

By employing (2.5), with conjugate exponents 
𝑝

𝑝−𝑙
 and 

𝑝

𝑙
, on ∫

𝑎

𝑏
 
𝑣(𝜉)𝑧𝑙(𝜉)

𝒱𝑐−𝑙(𝜉)
Δ𝜉, we get 

∫  
𝑏

𝑎

𝑣(𝜉)

𝒱𝑐(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 ≤ (

𝑙

𝑐 − 1
)
𝑙

(∫  
𝑏

𝑎

 𝑣(𝜉)Δ𝜉)

1−
𝑙
𝑝

(∫  
𝑏

𝑎

 𝑣(𝜉)𝒱𝑝
(1−

𝑐
𝑙
)(𝜉)𝑧𝑝(𝜉)Δ𝜉)

𝑙
𝑝

 

which provides (3.8). 

Corollary 3.1. If 𝑣(𝜏) = 1 in Theorem 3.2, then 𝒱(𝜉) = 𝜉 − 𝑎 and we deduce under the assumption 𝑏 = ∞ that, 

the following inequality 

∫  
∞

𝑎

  (𝜉 − 𝑎)−𝑐 (∫  
𝜎(𝜉)

0

 𝑧(𝜏)Δ𝜏)

𝑙

Δ𝜉 ≤ (
𝑙

𝑐 − 1
)
𝑙

∫  
∞

𝑎

  (𝜉 − 𝑎)𝑙−𝑐𝑧𝑙(𝜉)Δ𝜉 (3.15) 

holds. 

Remark 3.4. If 𝕋 = ℕ, 𝑏 = ∞ and {𝑧𝑟}𝑟=1
∞ , {𝑣𝑟}𝑟=1

∞  are positive sequences such that ∑ 𝑟=1

∞
 𝑣𝑟𝒱𝑟

𝑙−𝑐𝑧𝑟
𝑙  is 

convergent sequence and 𝒱𝑟 = ∑𝑛=1
𝑟−1  𝑣𝑛 in (3.7), then 

∑ 

∞

𝑟=1

𝑣𝑟
𝒱𝑟
𝑐
(∑  

𝑟

𝑛=0

 𝑣𝑛𝑧𝑛)

𝑙

≤ (
𝑙

𝑐 − 1
)
𝑙

∑ 

∞

𝑟=1

𝑣𝑟𝑧𝑟
𝑙𝒱𝑟

𝑙−𝑐 

which is similar to (1.4) but with a negative exponent 𝑙 and 0 ≤ 𝑐 < 1. 

Remark 3.5. If 𝕋 = ℝ and 𝑏 = ∞ in (3.7), then we have the following Coposon-type inequality with a negative 

parameter 

∫  
∞

𝑎

𝑣(𝜉)

𝒱𝑐(𝜉)
(∫  

𝜉

0

 𝑣(𝜏)𝑧(𝜏)𝑑𝜏)

𝑙

𝑑𝜉 ≤ (
𝑙

𝑐 − 1
)
𝑙

∫  
∞

𝑎

𝑣(𝜉)𝑧𝑙(𝜉)

𝒱𝑐−𝑙(𝜉)
𝑑𝜉 

Theorem 3.3. Assume 𝑏 ∈ 𝕋, 𝑏 < ∞ and −∞ < 𝑝 ≤ 𝑙 < 0. If 0 ≤ 𝑐 < 1, then 

∫  
𝑏

0

 
𝑣(𝜉)

(Λ𝜎(𝜉))
𝑐 𝒵

𝑙
(𝜉)Δ𝜉 ≤ (

𝑙

𝑐 − 1
)
𝑙

∫  
𝑏

0

 
𝑣(𝜉)𝑧𝑙(𝜉)

(Λ𝜎(𝜉))
𝑐−𝑙 Δ𝜉 (3.16) 

and 

∫
𝑣(𝜉)

(Λ𝜎(𝜉))
𝑐 𝒵

𝑙
(𝜉)Δ𝜉 ≤

𝑏

𝑎
  (

𝑙

𝑐−1
)
𝑙

(∫ 𝑣(𝜉)Δ𝜉
𝑏

𝑎
 )
1−

𝑙

𝑝
(∫ 𝑣(𝜉)(Λ𝜎(𝜉))

𝑝(1−
𝑐

𝑙
)
𝑧𝑝(𝜉)Δ𝜉

𝑏

𝑎
 )

𝑙

𝑝

, 

where, 

Λ(𝜉) = ∫  
𝑏

𝜉

 𝑣(𝜏)Δ𝜏  and  𝒵(𝜉) = ∫  
∞

𝜉

 𝑣(𝜏)𝑧(𝜏)Δ𝜏 (3.17) 

Proof. By employing (2.4) to the left-hand side of (3.16) with 𝑢Δ(𝜉) =
𝑣(𝜉)

Λ𝑐(𝜉)
 and 𝑤(𝜉) = 𝒵

𝑙
(𝜉), we obtain 
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∫  
𝑏

0

 
𝑣(𝜉)

(Λ𝜎(𝜉))
𝑐 𝒵

𝑙
(𝜉)Δ𝜉 = 𝑢(𝜉)𝒵

𝑙
(𝜉)|

0

𝑏

+∫  
𝑏

0

  (−𝑢𝜎(𝜉)) (𝒵
𝑙
(𝜉))

Δ

Δ𝜉 (3.18) 

where 

𝑢(𝜉) = −∫  
𝑏

𝜉

𝑣(𝜏)

(Λ𝜎(𝜏))
𝑐 Δ𝜏 

Since 𝑢(𝑏) = 0 in (3.18), we conclude that 

∫  
𝑏

0

 
𝑣(𝜉)

(Λ𝜎(𝜉))
𝑐 𝒵

𝑙
(𝜉)Δ𝜉 = −𝑢(0)𝒵

𝑙
(0) − ∫  

𝑏

0

 𝑢𝜎(𝜉) (𝒵
𝑙
(𝜉))

Δ

Δ𝜉

 ≥ −∫  
𝑏

0

 𝑢𝜎(𝜉) (𝒵
𝑙
(𝜉))

Δ

Δ𝜉

 

By employing (2.2) and taking into account that ΛΔ(𝜉) = −𝑣(𝜉) < 0 and 0 ≤ 𝑐 < 1, we obtain 

(Λ1−𝑐(𝜉))
Δ
 = (1 − 𝑐)ΛΔ(𝜉) ∫  

1

0

  (ℎΛ𝜎(𝜉) + (1 − ℎ)Λ(𝜉))
−𝑐
𝑑ℎ

 ≥ (𝑐 − 1)𝑣(𝜉) ∫  
1

0

  (ℎΛ𝜎(𝜉) + (1 − ℎ)Λ𝜎(𝜉))
−𝑐
𝑑ℎ

 = (𝑐 − 1)𝑣(𝜉)(Λ𝜎(𝜉))
−𝑐

 

Thus 

𝑣(𝜉)(Λ𝜎(𝜉))
−𝑐
≥

1

𝑐 − 1
(Λ1−𝑐(𝜉))

Δ
 

and then, we have 

−𝑢𝜎(𝜉) = ∫  
𝑏

𝜎(𝜉)

 
𝑣(𝜏)

(Λ𝜎(𝜏))
𝑐 Δ𝜏 ≥

1

𝑐 − 1
∫  
𝑏

𝜎(𝜉)

  (Λ1−𝑐(𝜏))
Δ
Δ𝜏 ≥

1

1 − 𝑐
(Λ𝜎(𝜉))

1−𝑐
(3.19) 

By employing (2.2) again to the term (𝒵
𝑙
(𝜉))

Δ

, we have 

(𝒵
𝑙
(𝜉))

Δ

 = ((∫  
∞

𝜉

 𝑣(𝜏)𝑧(𝜏)Δ𝜏)

𝑙

)

Δ

 = −𝑙𝑣(𝜉)𝑧(𝜉) ∫  
1

0

 (ℎ (∫  
∞

𝜎(𝜉)

 𝑣(𝜏)𝑧(𝜏)Δ𝜏) + (1 − ℎ) (∫  
∞

𝜉

 𝑣(𝜏)𝑧(𝜏)Δ𝜏))

𝑙−1

𝑑ℎ

 

From (3.19) and (3.20), we get 

∫  
𝑏

0

 
𝑣(𝜏)

(Λ𝜎(𝜉))
𝑐 𝒵

𝑙
(𝜉)Δ𝜉 ≥

−𝑙

1 − 𝑐
∫  
𝑏

0

 
𝑣(𝜉)𝑧(𝜉)𝒵

𝑙−1
(𝜉)

(Λ𝜎(𝜉))
𝑐−1 Δ𝜉 (3.21) 

By employing (2.6) on ∫
0

𝑏
 
𝑣(𝜉)𝑧(𝜉)𝒵

𝑙−1
(𝜉)

(Λ𝜎(𝜉))𝑐−1
Δ𝜉, with indices 

𝑙

𝑙−1
 and 𝑙, we get 

∫  
𝑏

0

 
𝑣(𝜉)𝑧(𝜉)𝒵

𝑙−1
(𝜉)

(Λ𝜎(𝜉))
𝑐−1 Δ𝜉 ≥ (∫  

𝑏

0

 
𝑣(𝜉)

(Λ𝜎(𝜉))
𝑐 𝓏

𝑙
(𝜉)Δ𝜉)

𝑙−1
𝑙

(∫  
𝑏

0

 
𝑣(𝜉)𝑧𝑙(𝜉)

(Λ𝜎(𝜉))
𝑐−𝑙 Δ𝜉)

1
𝑙

. (3.22) 

Substituting from (3.22) into (3.21), we get 

∫  
𝑏

0

𝑣(𝜏)

(Λ𝜎(𝜉))
𝑐 𝒵

𝑙
(𝜉)Δ𝜉 ≥

−𝑙

1 − 𝑐
(∫  

𝑏

0

 
𝑣(𝜉)

(Λ𝜎(𝜉))
𝑐 𝓏

𝑙
(𝜉)Δ𝜉)

𝑙−1
𝑙

(∫  
𝑏

0

 
𝑣(𝜉)𝑧𝑙(𝜉)

(Λ𝜎(𝜉))
𝑐−𝑙 Δ𝜉)

1
𝑙

 

Thus 
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(∫  
𝑏

0

 
𝑣(𝜏)

(Λ𝜎(𝜉))
𝑐 𝓏

𝑙
(𝜉)Δ𝜉)

1
𝑙

≥
𝑙

𝑐 − 1
(∫  

𝑏

0

 
𝑣(𝜉)𝑧𝑙(𝜉)

(Λ𝜎(𝜉))
𝑐−𝑙 Δ𝜉)

1
𝑙

 

Therefore, 

∫  
𝑏

0

𝑣(𝜏)

(Λ𝜎(𝜉))
2 𝒵

𝑙
(𝜉)Δ𝜉 ≤ (

𝑙

𝑐 − 1
)
𝑙

∫  
𝑏

0

𝑣(𝜉)𝑧𝑙(𝜉)

(Λ𝜎(𝜉))
𝑐−𝑙 Δ𝜉, 

which is (3.16). 

By employing (2.5), with conjugate exponents 
𝑝

𝑝−𝑙
 and 

𝑝

𝑙
, on∫

0

𝑏
 
𝑣(𝜉)𝑧𝑙(𝜉)

(Λ𝜎(𝜉))𝑐−𝑙
Δ𝜉, we get 

∫  
𝑏

0

𝑣(𝜉)

Λ𝑐(𝜉)
𝒵
𝑙
(𝜉)Δ𝜉 ≤ (

𝑙

𝑐 − 1
)
𝑙

(∫  
𝑏

0

 𝑣(𝜉)Δ𝜉)

1−
𝑙
𝑝

(∫  
𝑏

0

 𝑣(𝜉)(Λ𝜎(𝜉))
𝑝(1−

𝑐
𝑙
)
𝑧𝑝(𝜉)Δ𝜉)

𝑙
𝑝

 

which provides (3.17). 

Remark 3.6. It is worth mentioning that inequality (3.16) represents a corresponding formula, with a negative 

exponent, to the inequality (1.18). 

Remark 3.7. If 𝕋 = ℝ and 𝑏 < ∞ in (3.16), then 

∫  
𝑏

0

 
𝑣(𝜉)

Λ𝑐(𝜉)
(∫  

∞

𝜉

 𝑣(𝜏)𝑧(𝜏)𝑑𝜏)

𝑙

𝑑𝜉 ≤ (
𝑙

𝑐 − 1
)
𝑙

∫  
𝑏

0

 
𝑣(𝜉)𝑧𝑙(𝜉)

Λ𝑐−𝑙(𝜉)
𝑑𝜉 (3.23) 

Remark 3.8. If 𝕋 = ℕ and {𝑧𝑟}𝑟=1
∞ , {𝑣𝑟}𝑟=1

∞  are positive sequences such that ∑ 𝑟=1

𝑏−1
 𝑣𝑟𝑧𝑟

𝑙Λ𝑟
𝑙−𝑐 is convergent 

sequence and Λ𝑟 = ∑𝑛=𝑟
𝑏  𝑣𝑛 in (3.16), then 

∑ 

𝑏−1

𝑟=1

𝑣𝑟
Λ𝑟
𝑐
(∑  

∞

𝑛=𝑟

 𝑣𝑛𝑧𝑛)

𝑙

≤ (
𝑙

𝑐 − 1
)
𝑙

∑ 

𝑏−1

𝑟=1

𝑣𝑟Λ𝑟
𝑙−𝑐𝑧𝑟

𝑙  

which is a corresponding formula to (1.6), but with negative exponent 𝑙. 

Theorem 3.4. Assume 𝑎, 𝑏 ∈ 𝕋, 𝑎 > 0 and −∞ < 𝑝 ≤ 𝑙 < 0. If 0 ≤ 𝑐 + 𝑙 < 1, then 

∫  
𝑏

𝑎

 
𝑣(𝜉)

𝒱𝑐+𝑙(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 ≤ (

𝑙

𝑐 + 𝑙 − 1
)
𝑙

∫  
𝑏

𝑎

 
𝑣(𝜉)𝑧𝑙(𝜉)

𝒱𝑐(𝜉)
Δ𝜉 (3.24) 

and 

∫  
𝑏

𝑎

 
𝑣(𝜉)

𝒱𝑐+𝑙(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 ≤ (

𝑙

𝑐 + 𝑙 − 1
)
𝑙

(∫  
𝑏

𝑎

 𝑣(𝜉)Δ𝜉)

1−
𝑙
𝑝

(∫  
𝑏

𝑎

 
𝑣(𝜉)

𝒱
𝑐𝑃
𝑙 (𝜉)

𝑧𝑝(𝜉)Δ𝜉)

𝑙
𝑝

(3.25) 

where 𝒱(𝜉) and 𝒵(𝜉) are given in (3.9). 

Proof. By employing (2.3) to the left-hand side of (3.24) with 

𝑢Δ(𝜉) =
𝑣(𝜉)

𝒱𝑐+𝑙(𝜉)  and  𝑤𝜎(𝜉)
= (∫  

𝜎(𝜉)

0

 𝑣(𝜏)𝑧(𝜏)Δ𝜏)

𝑙

 

we get 

∫  
𝑏

𝑎

𝑣(𝜉)

𝒱𝑐+𝑙(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 = 𝑢(𝜉)𝑤(𝜉)|𝑎

𝑏 −∫  
𝑏

𝑎

𝑢(𝜉)𝑤Δ(𝜉)Δ𝜉 

where 

𝑢(𝜉) = ∫  
𝜉

𝑎

𝑣(𝜏)

𝒱𝑐𝑙(𝜏)
Δ𝜏 

Since 𝑢(𝑎) = 0, we conclude that 

∫  
𝑏

𝑎

 
𝑣(𝜉)

𝒱𝑐+𝑙(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 = 𝑢(𝑏)𝒵𝑙(𝑏) − ∫  

𝑏

𝑎

 𝑢(𝜉)(𝒵 𝑙(𝜉))
Δ
Δ𝜉

 ≥ −∫  
𝑏

𝑎

 𝑢(𝜉)(𝒵𝑙(𝜉))
Δ
Δ𝜉.
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From (2.2), we see that 

(𝒱1−𝑐−𝑙(𝜉))
Δ
= (1 − 𝑐 − 𝑙)𝒱Δ(𝜉)∫  

1

0

(ℎ𝒱𝜎(𝜉) + (1 − ℎ)𝒱(𝜉))
−𝑐−𝑙

𝑑ℎ 

Since our assumptions imply that 𝒱Δ(𝜉) = 𝑣(𝜉) > 0 and 0 ≤ 𝑐 + 𝑙 < 1, we get 

(𝒱1−𝑐−𝑙(𝜉))
Δ
 ≤ (1 − 𝑐 − 𝑙)𝒱Δ(𝜉)∫  

1

0

  (ℎ𝒱(𝜉) + (1 − ℎ)𝒱(𝜉))−𝑐−𝑙𝑑ℎ.

 = (1 − 𝑐 − 𝑙)𝑣(𝜉)𝒱−𝑐−𝑙(𝜉)

 

Thus 

𝑢(𝜉) = ∫  
𝜉

𝑎

 
𝑣(𝜏)

𝒱𝑐+𝑙(𝜏)
Δ𝜏 ≥

1

1 − 𝑐 − 𝑙
∫  
𝜉

𝑎

  (𝒱1−𝑐−𝑙(𝜏))
Δ
Δ𝜏 

By employing (2.2) again to the term (𝒵𝑙(𝜉))
Δ

, we see that 

(𝒵𝑙(𝜉))
Δ
 = ((∫  

𝜉

0

 𝑣(𝜏)𝑧(𝜏)Δ𝜏)

𝑙

)

Δ

 = 𝑙𝑣(𝜉)𝑧(𝜉)∫  
1

0

 (ℎ (∫  
𝜎(𝜉)

0

 𝑣(𝜏)𝑧(𝜏)Δ𝜏) + (1 − ℎ) (∫  
𝜉

0

 𝑣(𝜏)𝑧(𝜏)Δ𝜏))

𝑙−1

𝑑ℎ

 ≤ 𝑙𝑣(𝜉)𝑧(𝜉) (∫  
𝜎(𝜉)

0

 𝑣(𝜏)𝑧(𝜏)Δ𝜏)

𝑙−1

 

Thus 

−(𝒵𝑙(𝜉))
Δ
≥ −𝑙𝑣(𝜉)𝑧(𝜉)(𝒵𝜎(𝜉))

𝑙−1
(3.27) 

From (3.26) and (3.27), we get 

−∫  
𝑏

𝑎

𝑢(𝜉)(𝒵𝑙(𝜉))
Δ
Δ𝜉 ≥

𝑙

𝑐 + 𝑙 − 1
∫  
𝑏

𝑎

𝑣(𝜉)𝑧(𝜉)𝒱1−𝑐−𝑙(𝜉)(𝒵𝜎(𝜉))
𝑙−1
Δ𝜉 

Consequently 

∫  
𝑏

𝑎

𝑣(𝜉)

𝒱𝑐+𝑙(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 ≥

𝑙

𝑐 + 𝑙 − 1
∫  
𝑏

𝑎

𝑣(𝜉)𝑧(𝜉)

𝒱𝑐+𝑙−1(𝜉)
(𝒵𝜎(𝜉))

𝑙−1
Δ𝜉 

By employing (2.6) on ∫
𝑎

𝑏
 
𝑣(𝜉)𝑧(𝜉)

𝒱𝑐+𝑙−1(𝜉)
(𝒵𝜎(𝜉))

𝑙−1
Δ𝜉, with conjugate exponents 

𝑙

𝑙−1
 and 𝑙, we obtain 

∫  
𝑏

𝑎

𝑣(𝜉)𝑧(𝜉)

𝒱𝑐+𝑙−1(𝜉)
(𝒵𝜎(𝜉))

𝑙−1
Δ𝜉 ≥ (∫  

𝑏

𝑎

 
𝑣(𝜉)

𝒱𝑐+𝑙(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉)

𝑙−1
𝑙

(∫  
𝑏

𝑎

 
𝑣(𝜉)𝑧𝑙(𝜉)

𝒱𝑐(𝜉)
Δ𝜉)

1
𝑙

 

Consequently, 

∫
𝑣(𝜉)

𝒱𝑐+𝑙(𝜉)

𝑏

𝑎
  (𝒵𝜎(𝜉))

𝑙
Δ𝜉 ≥

𝑙

𝑐+𝑙−1
(∫

𝑣(𝜉)

𝒱𝑐+𝑙(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉

𝑏

𝑎
 )

𝑙−1

𝑙
(∫

𝑣(𝜉)𝑧𝑙(𝜉)

𝒱𝑐(𝜉)
Δ𝜉

𝑏

𝑎
 )

1

𝑙
. 

Therefore, 

(∫  
𝑏

𝑎

 
𝑣(𝜉)

𝒱𝑐+𝑙(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉)

1
𝑙

≥
𝑙

𝑐 + 𝑙 − 1
(∫  

𝑏

𝑎

 
𝑣(𝜉)𝑧𝑙(𝜉)

𝒱𝑐(𝜉)
Δ𝜉)

1
𝑙

 

Thus, 

∫  
𝑏

𝑎

𝑣(𝜉)

𝒱𝑐+𝑙(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 ≤ (

𝑙

𝑐 + 𝑙 − 1
)
𝑙

∫  
𝑏

𝑎

𝑣(𝜉)𝑧𝑙(𝜉)

𝒱𝑐(𝜉)
Δ𝜉 

which provides (3.24). 

Applying (2.5), with conjugate exponents 
𝑝

𝑝−𝑙
 and 

𝑝

𝑙
, on ∫

𝑎

𝑏
 
𝑣(𝜉)𝑧𝑙(𝜉)

𝒱𝑐(𝜉)
Δ𝜉, we get 

∫  
𝑏

𝑎

𝑣(𝜉)

𝒱𝑐+𝑙(𝜉)
(𝒵𝜎(𝜉))

𝑙
Δ𝜉 ≤ (

𝑙

𝑐 + 𝑙 − 1
)
𝑙

(∫  
𝑏

𝑎

 𝑣(𝜉)Δ𝜉)

1−
𝑙
𝑝

(∫  
𝑏

𝑎

 
𝑣(𝜉)

𝒱𝑐𝑝
(𝜉)𝑧𝑝(𝜉)Δ𝜉)

𝑙
𝑝
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which is (3.25). 

Remark 3.9. If 𝕋 = ℕ, 𝑏 = ∞ and {𝑧𝑟}𝑟=1
∞ , {𝑣𝑟}𝑟=1

∞  are positive sequences in (3.24), then 

∑ 

∞

𝑟=1

𝑣𝑟
𝒱𝑟
𝑐+𝑙

(∑  

𝑟

𝑛=0

 𝑣𝑛𝑧𝑛)

𝑙

≤ (
𝑙

𝑐 + 𝑙 − 1
)
𝑙

∑ 

∞

𝑟=1

𝑣𝑟𝑧𝑟
𝑙𝒱𝑟

−𝑐 

where, 

𝒱𝑟 =∑  

𝑟−1

𝑛=1

𝑣𝑛  

Remark 3.10. If 𝕋 = ℝ in (3.24), then we obtain the following inequality with a negative parameter 

∫  
𝑏

𝑎

𝑣(𝜉)

𝒱𝑐+𝑙(𝜉)
(∫  

𝜉

0

 𝑣(𝜏)𝑧(𝜏)Δ𝜏)

𝑙

𝑑𝜉 ≤ (
𝑙

𝑐 + 𝑙 − 1
)
𝑙

∫  
𝑏

𝑎

𝑣(𝜉)𝑧𝑙(𝜉)

𝒱𝑐(𝜉)
𝑑𝜉 

which is a corresponding formula to (1.13). 

Theorem 3.5. Assume 𝑎, 𝑏 ∈ 𝕋 and 0 < 𝑎 < 𝑏 ≤ ∞. If 𝛾 − 𝑙 ≥ 0, then 

∫  
𝑏

𝑎

 
𝑣(𝜉) (𝒵∗(𝜎(𝜉)))

𝑙

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉 ≤ (

−𝑙𝐾1+𝛾−𝑙

1 + 𝛾 − 𝑙
)

𝑙

∫  
𝑏

𝑎

 
𝑣(𝜉)𝑧𝑙(𝜉)

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉 (3.28) 

and 

∫  
𝑏

𝑎

 
𝑣(𝜉) (𝒵∗(𝜎(𝜉)))

𝑙

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉 ≤ (

−𝑙𝐾1+𝛾−𝑙

1 + 𝛾 − 𝑙
)

𝑙

(∫  
𝑏

𝑎

 𝑣(𝜉)Δ𝜉)

1−
𝑙
𝑝

(∫  
𝑏

𝑎

 
𝑣(𝜉)𝑧𝑝(𝜉)

(𝒱𝜎(𝜉))
𝑝−

𝛾𝑝
𝑙

Δ𝜉)

𝑙
𝑝

(3.29) 

where, 

𝐾 = inf
𝜉
 (
𝒱(𝜉)

𝒱𝜎(𝜉)
)

1+𝛾−𝑙

> 0  and  𝒵∗(𝜉) = ∫  
𝜉

0

𝑣(𝜏)𝑧(𝜏)

𝒱𝜎(𝜏)
Δ𝜏 

Proof. By employing (2.3) to the right-hand side of (3.28) with 

𝑢Δ(𝜉) =
𝑣(𝜉)

(𝒱𝜎(𝜉))
𝑙−𝛾
  and  𝑤𝜎(𝜉)

= (𝒵∗(𝜎(𝜉)))
𝑙

 

we get 

∫  
𝑏

𝑎

𝑣(𝜉) (𝒵∗(𝜎(𝜉)))
𝑙

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉 = 𝑢(𝜉)(𝒵∗(𝜉))

𝑙
|
𝑎

𝑏

−∫  
𝑏

𝑎

𝑢(𝜉) ((𝒵∗(𝜉))
𝑙
)
Δ

Δ𝜉 

where 

𝑢(𝜉) = ∫  
𝜉

𝑎

𝑣(𝜏)

(𝒱𝜎(𝜏))
𝑙−𝛾

Δ𝜏 

Since 𝑢(𝑎) = 0, we conclude that 

∫  
𝑏

𝑎

 
𝑣(𝜉) (𝒵∗(𝜎(𝜉)))

𝑙

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉 = 𝑢(𝑏)(𝒵∗(𝑏))

𝑙
−∫  

𝑏

𝑎

 𝑢(𝜉) ((𝒵∗(𝜉))
𝑙
)
Δ

Δ𝜉

 ≥ −∫  
𝑏

𝑎

 𝑢(𝜉) ((𝒵∗(𝜉))
𝑙
)
Δ

Δ𝜉

 

From (2.2), we see that 

(𝒱1+𝛾−𝑙(𝜉))
Δ
= (1 + 𝛾 − 𝑙)𝒱Δ(𝜉) ∫  

1

0

(ℎ𝒱𝜎(𝜉) + (1 − ℎ)𝒱(𝜉))
𝛾−𝑙
𝑑ℎ 

Since 𝒱Δ(𝜉) = 𝑣(𝜉) > 0 and 𝛾 − 𝑙 ≥ 0, we get 

(𝒱1+𝛾−𝑙(𝜉))
Δ
≤ (1 + 𝛾 − 𝑙)

𝑣(𝜉)

(𝒱𝜎(𝜉))
𝑙−𝛾 
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Thus 

𝑣(𝜉)

(𝒱𝜎(𝜉))
𝑙−𝛾 ≥

1

1 + 𝛾 − 𝑙
(𝒱1+𝛾−𝑙(𝜉))

Δ
 

Consequently, 

𝑢(𝜉) = ∫  
𝜉

𝑎

 
𝑣(𝜏)

(𝒱𝜎(𝜏))
𝑙−𝛾

Δ𝜏 ≥
1

1 + 𝛾 − 𝑙
∫  
𝜉

𝑎

  (𝒱1+𝛾−𝑙(𝜏))
Δ
Δ𝜏

 =
1

1 + 𝛾 − 𝑙
(
𝒱(𝜉)

𝒱𝜎(𝜉)
)

1+𝛾−𝑙

(𝒱𝜎(𝜉))
1+𝛾−𝑙

 

By employing (2.2) to the term ((𝒵∗(𝜉))
𝑙
)
Δ

, we obtain 

((𝒵∗(𝜉))
𝑙
)
Δ

 = ((∫  
𝜉

0

 
𝑣(𝜏)𝑧(𝜏)

𝒱𝜎(𝜏)
Δ𝜏)

𝑙

)

Δ

 = 𝑙(𝒵∗(𝜉))
Δ
∫  
1

0

  (ℎ𝒵∗(𝜎(𝜉)) + (1 − ℎ)𝒵∗(𝜉))
𝑙−1

𝑑ℎ

 ≤ 𝑙 (
𝑣(𝜉)𝑧(𝜉)

𝒱𝜎(𝜉)
) (𝒵∗(𝜎(𝜉)))

𝑙−1

 

Thus 

−((𝒵∗(𝜉))
𝑙
)
Δ

≥ −𝑙 (
𝑣(𝜉)𝑧(𝜉)

𝒱𝜎(𝜉)
) (𝒵∗(𝜎(𝜉)))

𝑙−1

(3.31) 

From (3.30) and (3.31), we get 

∫  
𝑏

𝑎

 
𝑣(𝜉) (𝒵∗(𝜎(𝜉)))

𝑙

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉 ≥

−𝑙𝐾1+𝛾−𝑙

1 + 𝛾 − 𝑙
∫  
𝑏

𝑎

 (
𝑣(𝜉)𝑧(𝜉)

𝒱𝜎(𝜉)
) (𝒱𝜎(𝜉))

1+𝛾−𝑙
(𝒵∗(𝜎(𝜉)))

𝑙−1

Δ𝜉

 =
−𝑙𝐾1+𝛾−𝑙

1 + 𝛾 − 𝑙
∫  
𝑏

𝑎

 (
𝑣(𝜉)𝑧(𝜉)

(𝒱𝜎(𝜉))
𝑙−𝛾)(𝒵

∗(𝜎(𝜉)))
𝑙−1

Δ𝜉

 

By employing (2.6) on ∫
𝑣(𝜉)𝑧(𝜉)(𝒵∗(𝜎(𝜉)))

𝑙−1

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉

𝑏

𝑎
 , with conjugate exponents 

𝑙

𝑙−1
 and 𝑙, we see that 

∫  
𝑏

𝑎

𝑣(𝜉)𝑧(𝜉) (𝒵∗(𝜎(𝜉)))
𝑙−1

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉 ≥ (∫  

𝑏

𝑎

 
𝑣(𝜉) (𝒵∗(𝜎(𝜉)))

𝑙

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉)

𝑙−1
𝑙

(∫  
𝑏

𝑎

 
𝑣(𝜉)𝑧𝑙(𝜉)

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉)

1
𝑙

 

Consequently, 

∫  
𝑏

𝑎

𝑣(𝜉) (𝒵∗(𝜎(𝜉)))
𝑙

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉 ≥

−𝑙𝐾1+𝛾−𝑙

1 + 𝛾 − 𝑙
(∫  

𝑏

𝑎

 
𝑣(𝜉) (𝒵∗(𝜎(𝜉)))

𝑙

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉)

𝑙−1
𝑙

(∫  
𝑏

𝑎

 
𝑣(𝜉)𝑧𝑙(𝜉)

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉)

1
𝑙

 

Therefore, 

(∫  
𝑏

𝑎

 
𝑣(𝜉) (𝒵∗(𝜎(𝜉)))

𝑙

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉)

1
𝑙

≥
−𝑙𝐾1+𝛾−𝑙

1 + 𝛾 − 𝑙
(∫  

𝑏

𝑎

 
𝑣(𝜉)𝑧𝑙(𝜉)

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉)

1
𝑙

 

Thus, 

∫  
𝑏

𝑎

𝑣(𝜉) (𝒵∗(𝜎(𝜉)))
𝑙

(𝒱𝜎(𝜉))
𝑙−𝛾

Δ𝜉 ≤ (
−𝑙𝐾1+𝛾−𝑙

1 + 𝛾 − 𝑙
)

𝑙

∫  
𝑏

𝑎

𝑣(𝜉)𝑧𝑙(𝜉)

(𝒱𝜎(𝜉))
𝑙−𝛾

Δ𝜉 
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which is (3.28). 

By employing (2.5), with conjugate exponents 
𝑝

𝑝−𝑙
 and 

𝑝

𝑙
, on ∫𝑎

𝑏
 
𝑣(𝜉)𝑧𝑙(𝜉)

(𝒱𝜎(𝜉))𝑙−𝛾
Δ𝜉, we get 

∫  
𝑏

𝑎

𝑣(𝜉) (𝒵∗(𝜎(𝜉)))
𝑙

(𝒱𝜎(𝜉))
𝑙−𝛾 Δ𝜉 ≤ (

−𝑙𝐾1+𝛾−𝑙

1 + 𝛾 − 𝑙
)

𝑙

(∫  
𝑏

𝑎

 𝑣(𝜉)Δ𝜉)

1−
𝑙
𝑝

(∫  
𝑏

𝑎

 
𝑣(𝜉)𝑧𝑝(𝜉)

(𝒱𝜎(𝜉))
𝑝−
𝛾𝑝
𝑙

Δ𝜉)

𝑙
𝑝

 

which is (3.29). 

Remark 3.11. If 𝛾 = 𝑙 and 𝐾 = inf𝜉  (
𝒱(𝜉)

𝒱𝜎(𝜉)
) in (3.28), then we obtain the following inequality with a negative 

parameter 

∫  
𝑏

𝑎

𝑣(𝜉) (∫  
𝜉

0

 
𝑣(𝜏)𝑧(𝜏)

𝒱(𝜏)
Δ𝜏)

𝑙

Δ𝜉 ≤ (−𝑙𝐾)𝑙∫  
𝑏

𝑎

𝑣(𝜉)𝑧𝑙(𝜉)Δ𝜉 

which is a corresponding formula to the dynamic inequality proved by Saker in [37, Theorem 2.5]. 

Remark 3.12. If 𝕋 = ℝ, 𝑏 = ∞ and 𝛾 = 𝑙 in (3.28), then 

∫  
∞

𝑎

 𝑣(𝜉) (∫  
𝜉

0

 
𝑣(𝜏)𝑧(𝜏)

𝒱(𝜏)
𝑑𝜏)

𝑙

𝑑𝜉 ≤ (−𝑙𝐾)𝑙∫  
∞

𝑎

 𝑣(𝜉)𝑧𝑙(𝜉)𝑑𝜉 (3.32) 

If 𝑣(𝜉) = 1 in (3.32), then we obtain the Copson-type inequality 

∫  
∞

𝑎

(∫  
𝜉

0

 
𝑧(𝜏)

𝜏 − 𝑎
𝑑𝜏)

𝑙

𝑑𝜉 ≤ (−𝑙𝐾)𝑙∫  
∞

𝑎

𝑧𝑙(𝜉)𝑑𝜉 

Remark 3.13. If 𝕋 = ℕ and 𝑣𝑛 , 𝑧𝑛 are positive sequences in (3.28), then 

∑ 

∞

𝑟=1

 
𝑣𝑟

𝒱𝑟
𝑙−𝛾 (∑  

𝑟

𝑛=0

 
𝑣𝑛𝑧𝑛
𝒱𝑛

)

𝑙

≤ (
𝑙𝐾1+𝛾−𝑙

𝑙 − 𝛾 − 1
)

𝑙

∑ 

∞

𝑟=1

 
𝑣𝑟𝑧𝑟

𝑙

𝒱𝑟
𝑙−𝛾 (3.33) 

where 𝒱𝑟 = ∑ 𝑣𝑛 
𝑟
𝑛=1  and ∑

𝑣𝑟𝑧𝑟
𝑙

𝒱𝑟
𝑙−𝛾 < ∞

∞
𝑟=1  . 

If 𝛾 = 𝑙 in (3.33), then we obtain the discrete Copson-type inequality 

∑ 

∞

𝑟=1

𝑣𝑟 (∑  

𝑟

𝑛=0

 
𝑣𝑛𝑧𝑛
𝒱𝑛

)

𝑙

≤ (−𝑙𝐾)𝑙∑ 

∞

𝑟=1

𝑣𝑟𝑧𝑟
𝑙  

Theorem 3.6. Assume 𝑎, 𝑏 ∈ 𝕋 and 𝑏 < ∞. If −1 < 𝛾 − 𝑙 ≤ 0, then 

∫  
𝑏

0

 
𝑣(𝜉) (𝒵

∗
(𝜉))

𝑙

(Λ𝜎(𝜉))
𝑙−𝛾 Δ𝜉 ≤ (

−𝑙

1 + 𝛾 − 𝑙
)
𝑙

∫  
𝑏

0

 
𝑣(𝜉)𝑧𝑙(𝜉)

(Λ𝜎(𝜉))
𝑙−𝛾 Δ𝜉 (3.34) 

and 

∫  
𝑏

0

 
𝑣(𝜉) (𝒵

∗
(𝜉))

𝑙

(Λ𝜎(𝜉))
𝑙−𝛾

Δ𝜉 ≤ (
−𝑙

1 + 𝛾 − 𝑙
)
𝑙

(∫  
𝑏

0

 𝑣(𝜉)Δ𝜉)

1−
𝑙
𝑝

(∫  
𝑏

0

 
𝑣(𝜉)𝑧𝑝(𝜉)

(Λ𝜎(𝜉))
𝑝−

𝛾𝑝
𝑙

Δ𝜉)

𝑙
𝑝

(3.35) 

where, 

Λ(𝜉) = ∫  
𝑏

𝜉

𝑣(𝜏)Δ𝜏  and  𝒵
∗
(𝜉) = ∫  

∞

𝜉

𝑣(𝜏)𝑧(𝜏)

Λ𝜎(𝜏)
Δ𝜏 

Proof. By employing (2.4) to the right-hand side of (3.34) with 

𝑢Δ(𝜉) =
𝑣(𝜉)

(Λ𝜎(𝜉))
𝑙−𝛾
  and  𝑤(𝜉)

= (𝒵
∗
(𝜉))

𝑙

 

we get 
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∫  
𝑏

0

𝑣(𝜉) (𝒵
∗
(𝜉))

𝑙

(Λ𝜎(𝜉))
𝑙−𝛾 Δ𝜉 = 𝑢(𝜉) (𝒵

∗
(𝜉))

𝑙

|
𝑎

𝑏

−∫  
𝑏

0

𝑢𝜎(𝜉) ((𝒵
∗
(𝜉))

𝑙

)

Δ

Δ𝜉 

where 

𝑢(𝜉) = −∫  
𝑏

𝜉

𝑣(𝜏)

(Λ𝜎(𝜏))
𝑙−𝛾 Δ𝜏 

Since 𝑢(𝑏) = 0, we conclude that 

∫  
𝑏

0

 
𝑣(𝜉) (𝒵

∗
(𝜉))

𝑙

(Λ𝜎(𝜉))
𝑙−𝛾 Δ𝜉 = −𝑢(𝑎) (𝒵

∗
(𝑎))

𝑙

−∫  
𝑏

0

 𝑢𝜎(𝜉) ((𝒵
∗
(𝜉))

𝑙

)

Δ

Δ𝜉

 ≥ −∫  
𝑏

0

 𝑢𝜎(𝜉) ((𝒵
∗
(𝜉))

𝑙

)

Δ

Δ𝜉

 

From (2.2), we see that 

(Λ1+𝛾−𝑙(𝜉))
Δ
= (1 + 𝛾 − 𝑙)ΛΔ(𝜉) ∫  

1

0

(ℎΛ𝜎(𝜉) + (1 − ℎ)Λ(𝜉))
𝛾−𝑙
𝑑ℎ 

Since our assumptions imply that ΛΔ(𝜉) = −𝑣(𝜉) < 0 and 𝛾 − 𝑙 ≤ 0, we get 

(Λ1+𝛾−𝑙(𝜉))
Δ
≥ −(1 + 𝛾 − 𝑙)

𝑣(𝜉)

(Λ𝜎(𝜉))
𝑙−𝛾 

Thus 

𝑣(𝜉)

(Λ𝜎(𝜉))
𝑙−𝛾 ≥

−1

1 + 𝛾 − 𝑙
(Λ1+𝛾−𝑙(𝜉))

Δ
. 

Consequently, 

−𝑢𝜎(𝜉) = ∫  
𝑏

𝜎(𝜉)

 
𝑣(𝜏)

(Λ𝜎(𝜏))
𝑙−𝛾 Δ𝜏 ≥

−1

1 + 𝛾 − 𝑙
∫  
𝑏

𝜎(𝜉)

  (Λ1+𝛾−𝑙(𝜏))
Δ
Δ𝜏 

By employing (2.2) to the term ((𝒵
∗
(𝜉))

𝑙

)

Δ

, we obtain 

((𝒵
∗
(𝜉))

𝑙

)

Δ

 = ((∫  
∞

𝜉

 
𝑣(𝜏)𝑧(𝜏)

Λ𝜎(𝜏)
Δ𝜏)

𝑙

)

Δ

 = 𝑙 (𝒵
∗
(𝜉))

Δ

∫  
1

0

  (ℎ𝒵
∗
(𝜎(𝜉)) + (1 − ℎ)𝒵

∗
(𝜉))

𝑙−1

𝑑ℎ

 

From (3.36) and (3.37), we get 

∫  
𝑏

0

 
𝑣(𝜉) (𝒵

∗
(𝜉))

𝑙

(Λ𝜎(𝜉))
𝑙−𝛾

Δ𝜉 ≥
−𝑙

1 + 𝛾 − 𝑙
∫  
𝑏

0

 (
𝑣(𝜉)𝑧(𝜉)

Λ𝜎(𝜉)
) (Λ𝜎(𝜉))

1+𝛾−𝑙
(𝒵

∗
(𝜉))

𝑙−1

Δ𝜉

 =
−𝑙

1 + 𝛾 − 𝑙
∫  
𝑏

0

 (
𝑣(𝜉)𝑧(𝜉)

(Λ𝜎(𝜉))
𝑙−𝛾)(𝒵

∗
(𝜉))

𝑙−1

Δ𝜉

 

By employing (2.6) on ∫
0

𝑏
 (

𝑣(𝜉)𝑧(𝜉)

(Λ𝜎(𝜉))𝑙−𝛾
) (𝒵

∗
(𝜉))

𝑙−1

Δ𝜉, with conjugate exponents 𝑙/(𝑙 − 1) and 𝑙, we see that 

∫  
𝑏

0

𝑣(𝜉)𝑧(𝜉) (𝒵
∗
(𝜉))

𝑙−1

(Λ𝜎(𝜉))𝑙−𝛾
Δ𝜉 ≥ (∫  

𝑏

0

 
𝑣(𝜉) (𝒵

∗
(𝜉))

𝑙

(Λ𝜎(𝜉))𝑙−𝛾
Δ𝜉)

𝑙−1
𝑙

(∫  
𝑏

0

 
𝑣(𝜉)𝑧𝑙(𝜉)

(Λ𝜎(𝜉))𝑙−𝛾
Δ𝜉)

1
𝑙

 

Consequently, 
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∫  
𝑏

0

𝑣(𝜉) (𝒵
∗
(𝜉))

𝑙

(Λ𝜎(𝜉))𝑙−𝛾
Δ𝜉 ≥

−𝑙

1 + 𝛾 − 𝑙
(∫  

𝑏

0

 
𝑣(𝜉) (𝒵

∗
(𝜉))

𝑙

(Λ𝜎(𝜉))𝑙−𝛾
Δ𝜉)

𝑙−1
𝑙

(∫  
𝑏

0

 
𝑣(𝜉)𝑧𝑙(𝜉)

(Λ𝜎(𝜉))𝑙−𝛾
Δ𝜉)

1
𝑙

 

Therefore, 

(∫  
𝑏

0

 
𝑣(𝜉) (𝒵

∗
(𝜉))

𝑙

(Λ𝜎(𝜉))𝑙−𝛾
Δ𝜉)

1
𝑙

≥
−𝑙

1 + 𝛾 − 𝑙
(∫  

𝑏

0

 
𝑣(𝜉)𝑧𝑙(𝜉)

(Λ𝜎(𝜉))𝑙−𝛾
Δ𝜉)

1
𝑙

 

Thus 

∫  
𝑏

0

𝑣(𝜉) (𝒵
∗
(𝜉))

𝑙

(Λ𝜎(𝜉))𝑙−𝛾
Δ𝜉 ≤ (

−𝑙

1 + 𝛾 − 𝑙
)
𝑙

∫  
𝑏

0

𝑣(𝜉)𝑧𝑙(𝜉)

(Λ𝜎(𝜉))𝑙−𝛾
Δ𝜉 

which is (3.34). 

By employing (2.5), with conjugate exponents 𝑝/(𝑝 − 𝑙) and 𝑝/𝑙, on ∫
0

𝑏
 
𝑣(𝜉)𝑧𝑙(𝜉)

(Λ𝜎(𝜉))𝑙−𝛾
Δ𝜉, we get 

∫  
𝑏

0

𝑣(𝜉) (𝒵
∗
(𝜉))

𝑙

(Λ𝜎(𝜉))𝑙−𝛾
Δ𝜉 ≤ (

−𝑙

1 + 𝛾 − 𝑙
)
𝑙

(∫  
𝑏

0

 𝑣(𝜉)Δ𝜉)

1−
𝑙
𝑝

(∫  
𝑏

0

 
𝑣(𝜉)𝑧𝑝(𝜉)

(Λ𝜎(𝜉))𝑝−
𝛾𝑝
𝑙

Δ𝜉)

𝑙
𝑝

 

which is (3.35). 

Remark 3.14. If 𝕋 = ℝ and 𝛾 = 𝑙 in (3.34), then 

∫  
𝑏

0

 𝑣(𝜉) (∫  
∞

𝜉

 
𝑣(𝜏)𝑧(𝜏)

Λ(𝜏)
𝑑𝜏)

𝑙

𝑑𝜉 ≤ (−𝑙)𝑙∫  
𝑏

0

 𝑣(𝜉)𝑧𝑙(𝜉)𝑑𝜉 (3.38) 

If 𝑣(𝜉) = 1 in (3.38), then we obtain the Copson-type inequality. 

∫  
𝑏

0

(∫  
∞

𝜉

 
𝑧(𝜏)

𝑏 − 𝜏
𝑑𝜏)

𝑙

𝑑𝜉 ≤ (−𝑙)𝑙∫  
𝑏

0

𝑧𝑙(𝜉)𝑑𝜉 

Remark 3.15. If 𝕋 = ℕ and 𝑣𝑛 , 𝑧𝑛 are positive sequences in (3.34), then we have that 

∑ 

𝑏−1

𝑟=0

 
𝑣𝑟

Λ𝑟
𝑙−𝛾 (∑  

∞

𝑛=𝑟

 
𝑣𝑛𝑧𝑛
Λ𝑛

)

𝑙

≤ (
𝑙

𝑙 − 𝛾 − 1
)
𝑙

∑ 

𝑏−1

𝑟=0

 
𝑣𝑟𝑧𝑟

𝑙

Λ𝑟
𝑙−𝛾 (3.39) 

where, Λ𝑟 = ∑𝑛=𝑟
𝑏  𝑣𝑛 and ∑𝑟=0

𝑏−1  𝑣𝑟𝑧𝑟
𝑙/Λ𝑟

𝑙−𝛾
< ∞. 

Remark 3.16. If 𝛾 = 𝑙 in (3.39), then we get the discrete Copson-type inequality 

∑ 

𝑏−1

𝑟=0

𝑣𝑟 (∑  

∞

𝑛=𝑟

 
𝑣𝑛𝑧𝑛
Λ𝑛

)

𝑙

≤ (−𝑙)𝑙∑ 

𝑏−1

𝑟=0

𝑣𝑟𝑧𝑟
𝑙  

4. Conclusion 

In this paper, by making use of time scale calculus, we have derived some new Hardy-type weighted dynamic 

inequalities with negative exponents. The integral and discrete Hardy-type inequalities, presented as special cases 

of our main findings, are novel contributions. For future work, we plan to focus on deriving additional dynamic 

inequalities with negative exponents. 
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